Spindle-shaped nematic droplets (tactoids) form in solutions of rod-like molecules at the onset of the liquid crystalline phase. Their unique shape and internal structure result from the interplay of the elastic deformation of the nematic and anisotropic surface forces. The balance of these forces dictates that tactoids must display a continuous variation in aspect ratio and director-field configuration. Yet, such continuous transition has eluded observation for decades: tactoids have displayed either a bipolar configuration with particles aligned parallel to the droplet interface or a homogeneous configuration with particles aligned parallel to the long axis of the tactoid. Here, we report the first observation of the continuous transition in shape and director-field configuration of tactoids in true solutions of carbon nanotubes in chlorosulfonic acid. This observation is possible because the exceptional length of carbon nanotubes shifts the transition to a size range that can be visualized by optical microscopy. Polarization micrographs yield the interfacial and elastic properties of the system. Absorbance anisotropy measurements provide the highest nematic order parameter (S = 0.79) measured to date for a nematic phase of carbon nanotubes at coexistence with its isotropic phase. 
I. INTRODUCTION
The shape of the interfaces between simple fluids such as water and oil is solely governed by interfacial tension. In complex fluids such as liquid crystals, interfacial shape is controlled by the competition of interfacial tension and bulk elasticity, which in turn depend on the molecular orientation and alignment. A good example of this competition is the spindle shape of nematic droplets (tactoids) coexisting with the isotropic phase in liquid crystals [1, 2] [ Fig. 1(a) ].
Tactoids have been observed for over a hundred years in fluids containing highly elongated colloids or macromolecules [2] [3] [4] [5] [6] [7] [8] [9] . So far, the observed tactoids have displayed only a bipolar configuration, where the director field (representative of the local molecular orientation) is parallel to the interface and converges at two surface point defects called boojums [ Fig. 1(b) ] [2] [3] [4] [5] [6] 10, 11] , with the exception of the recent report of homogeneous tactoids [uniform director field, Fig. 1 (c)] in aqueous carbon nanotube (CNT) suspensions [9] . Yet, macroscopic theory predicts that tactoids should display a continuous range of configurations from homogeneous toward bipolar, including intermediate configurations, where the boojums are outside the droplet [virtual boojums, Fig. 1(d) ]. The shape of the tactoids as described by the aspect ratio * These authors contributed equally to this work. † Author to whom correspondence should be addressed: mp@rice.edu R/r varies from almost needle-like in the limit of small size to spheroidal in the limit of large size, where R and r are the length of the major and minor axes [ Fig. 1(c) ]. Large and small are relative to a length scale set by the elastic and surface properties of the nematic and hence on the dimensions of the molecules (see Sec. III A). The director-field configuration of the tactoid is described by the bipolarness ratio R/R, wherẽ R ≥ R is the distance between the boojums. Here, we present the first experimental evidence of the gradual transition from a homogeneous (R → ∞) to a bipolar (R = R) configuration and from a very elongated toward a spheroidal shape in tactoids of CNTs in chlorosulfonic acid (CSA). By fitting macroscopic theory to our experimental data, we extract information on the elastic and surface properties of the nematic. We also determine the scalar order parameter of nematic phase of CNTs in CSA using absorption measurements.
II. MATERIALS AND TECHNIQUES
We used a solution of double and triple-walled CCNI CNTs (Continental Carbon Nanotechnologies, Inc.) (1000 ppm by weight) in CSA (99% purity, purchased from Sigma Aldrich). The prepared solutions were speed mixed (DAC 150.1 FV-K, Flack Tek Inc.) for 2.5 h, followed by stir bar mixing for 24 h and bath sonication (Bransonic M1800) for 25 h. The CNT length after sonication was L ≈ 1 μm. The solution was loaded into rectangular glass capillaries (0.2 ×2 mm, used as received), which were flame sealed at the ends to prevent exposure to humidity in air. In order to let our system reach equilibrium, the sealed capillaries were allowed to rest for 15 days. From the thermodynamic perspective, tactoids are structures in local equilibrium that form at the isotropicnematic coexistence. Therefore, we can measure the shape, size, and director-field configuration of tactoids any time after they reach local equilibrium associated with the minimum free energy. Note that the system is kinetically evolving with tactoids coalescing to form two continuous phases at the global thermodynamic equilibrium. The two separated nematic and isotropic phases may only be achieved after years (two-year-old capillaries contain a few giant tactoids and few small tactoids). We measured the major and minor axes and the director field configuration of more than two hundred tactoids using polarizing optical microscopy ( Fig. 1) [Zeiss AxioPlan 2 and a 10×(NA = 0.2) dry objective]. Images were recorded with a cooled charge-coupled device (CCD) camera (AxioCam Zeiss). All the size and shape determinations were performed using ImageJ software package (available from the National Institute of Health website) by fitting an ellipse that envelopes a tactoid. Optical absorption spectra of a CNT nematic were measured through a pinhole of 10 μm (Thorlabs, Inc.) using a spectrometer USB 2000 (OceanOptics) and a 100×(NA = 1.4) oil objective mounted on an Olympus inverted microscope X81. Birefringence at λ = 546 nm was determined using a Berek compensator (Olympus).
III. RESULTS AND DISCUSSIONS

A. Shape and Director field of tactoids
The director-field (n(r)) configurations were determined by imaging tactoids at different orientations between crossed polarizers and classifying the optical textures based on literature on bipolar [2, 10] and homogenous [9] tactoids, as well as Jones matrix calculations [12] of tactoids with representative configurations. Optical textures were simulated using size (R) and shape (R/r) measurements of the tactoids at 1000 ppm in Figs. 1(e)-1(g) and 2, and birefringence n estimated approximately for this concentration using the Michel-Levy interference color chart. thickness of the capillary (200 μm) and hence we do not expect to see spherical tactoids in our system. The equilibrium shape (described by the unit surface normal q) and director-field configuration (described by the unit vector n) minimize the sum of elastic and surface free energies [1] :
where V and A are, respectively, the volume and area of the tactoid; k 11 , k 33 , and k 24 are, respectively, the splay, bend, and saddle-splay Frank elastic constants; τ is the interfacial tension between the isotropic phase and the nematic phase when the molecules are aligned parallel to the interface; and W is the surface anchoring strength and accounts for the effect of nonplanar molecular orientation on interfacial tension. Polarizing microscopy textures (Fig. 1) indicate that CNTs prefer planar anchoring (W > 0) at the interface as expected from theory and simulations [13] [14] [15] [16] . The equilibrium shape of a tactoid can be computed by minimizing the free energy F at a fixed value of the volume V . Rather than doing an unconstrained minimization, we follow Prinsen and van der Schoot [1] and assume a bispherical director field and axial symmetry that capture the shape of our tactoids. The optimization is then with respect to the aspect ratio and bipolarness of the director field. It is convenient to group free-energy parameters into λ ≡ (k 11 − k 24 )/τ ω, ω ≡ W/τ , and γ 33 ≡ k 33 /(k 11 − k 24 )-for a symmetric tactoid k 24 merely rescales k 11 [1] . A scaling analysis of Eq. (1) shows that λ is the extrapolation length that controls the crossover from elasticity-dominated alignment (homogeneous) to anchoring-dominated alignment (bipolar) [1] . The magnitude of ω determines the aspect ratio of the tactoids in the limit of small size corresponding to a homogenous director field configuration [17] . The influence of γ 33 , which measures the relative strength of the bend and splay elasticity, is expected to be the greatest for bipolar tactoids, where the competition between splay and bend deformation energies versus surface energy determines the shape [1] .
We obtained λ, ω, and γ 33 by a global least-squares fit to the measured aspect ratio versus size (see Ref. [1] for details of the theory) and compared our experimental results to theoretical predictions for the director-field configurations. Note that there is scatter in the data related to experimental accuracy and the slow time evolution of the tactoids; see Appendix A. We performed a "bootstrap" statistical analysis to compute confidence intervals on the parameters [18] . The original data set shown in Fig. 3 (a) was resampled 1000 times by drawing data points randomly from the set with replacement. Fitting the theory to the resampled data sets generates a probability distribution for the parameters along with the marginal histograms [ Fig. 3(b) ].
Box plots in Fig. 3(b) show the median (red line), the median of the lower and the upper half of the data set (the lower and the upper quartiles, the blue edges of the box), and 1.5 times of the distance between the lower and the upper quartiles (black whiskers). The open circles in the graphs indicate outliers that are not within the indicated ranges. For example, the distribution of dimensionless anchoring strength ω shows that within a 50% confidence interval (CI), the value must be between 5.5 and 5.7 with the median of 5.6. Within a 99% CI (presuming a normal distribution), the value ranges between 5.2 and 6. The theoretical prediction for the aspect ratio and the director-field configuration are plotted in Fig. 3 (a) (solid and dashed lines, respectively) with the median bootstrap values of the parameters (λ ≈ 13.9 μm, ω ≈ 5.6, and γ 33 ≈ 1.3). The theoretical predictions are consistent with the trend of the data, including the onset of the crossover from homogenous toward bipolar (R/R = 0.5) at a major axis size of 35 μm.
We are able to observe this crossover because of the very large extrapolation length associated with our specific system (λ bootstrap median ≈ 13.9 μm, 2R crossover ∝ λ). Theoretically, we can show that for monodisperse hard rods, we expect λ ≈ 13L; see Appendix B. The CNTs used in this study have L ≈ 1 μm, longer than particles used elsewhere. This explains why in the literature almost only bipolar tactoids have been observed [1, 2, 6, 10] . However, we note that the elastic and surface properties of the coexisting phases are sensitive to the type of molecular interactions, flexibility, and polydispersity; hence, this prefactor may change for a polydisperse system where the nematic phase is enriched with longer rods.
The only study that showed homogenous tactoids is that of bile salt-stabilized CNTs in water by Puech et al. [9] . However, their experimental system was 10-20 μm wide and only yielded small tactoids below the crossover size with homogenous director fields [19] . Their reported value (ω = 4) is comparable to our estimate of ω ≈ 5.6 [bootstrap median, 99% CI = 5.2 to 6; see Fig. 3(b) ]. Both of these values are larger than the theoretical predictions for the dimensionless anchoring strength 0.5 ω 1.5 of rod-like particles, allowing for varying bending flexibility [13] [14] [15] 20, 21] . A plausible candidate for this discrepancy is length polydispersity. In length polydisperse systems the longer rods accumulate in the nematic phase and preferentially lie along the interface [15] .
Bipolar tactoids have been observed in a variety of systems [2] [3] [4] [5] [6] 8] . In a few cases, the theory is fitted to the size measurements [1, 2, 6, 10] . However, because of the limited number of data points, the absence of a proper statistical analysis, and a data set that does not cover all of the director-field configurations, only lower estimates for ω could be obtained ranging from about 10 to infinity [1, 2, 6, 10] . For these systems, values of ωλ range from 1 to 8 μm, which is well below our measured value of λω ≈ 78 μm, explaining once again why the crossover toward homogenous regime has not been observed so far. Furthermore, using data sets that fail to cover spherical shape limit can result in uncertain values of γ 33 [1] , implying that the uncertainty in our value [bootstrap γ 33 median ≈ 1.3, 99% CI = 0 to 16.3, see Fig. 3(b) ] and the values obtained in these studies are large. Values of γ 33 reported in the literature range from 20 to 60 [1, 2, 6, 10] , which fall in the outlier region for our measurements [see Fig. 3(b) ].
B. Order parameter and optical properties of nematic phase in tactoids
In our system, tactoids are large enough to investigate the average alignment of CNTs in a nematic phase (described by the scalar order parameter S). CNTs are optically uniaxial [22] and so is the nematic phase; therefore, the level of alignment can be determined by measuring the absorption anisotropy [22] [23] [24] of the CNT nematic. We measure absorption spectra for light polarized parallel A || and perpendicular A ⊥ to the major axis ( Fig. 4) and determine the scalar order parameter via S = (A || − A ⊥ )/(A || + 2A ⊥ ) [23, 24] . The absorption spectra are measured in the uniformly aligned central part [see schematics of n(r) in Figs. 1(b)-1(d) ] of tactoids formed in 3000 ppm by weight solution of CNTs in CSA in a 200 μm capillary [ Fig. 4(a) ]. Results for the parallel and the perpendicular orientations are shown in Fig. 4(b) . The scalar order parameter evaluated at the maximum parallel absorption A || at the wavelength of λ = 622 nm gives a value of S = 0.79. Using the integrated absorptions over the measured absorption band from 450 to 700 nm results in a similar value of S = 0.74. The scalar order parameter measured here is slightly larger than the values measured for other systems of rod-like particles at coexistence [25] [26] [27] [28] .
The measured value is consistent with predictions of the Onsager model that yields an order parameter of about 0.79 for monodisperse hard rods at coexistence [29] [30] [31] . However, our system deviates from the classical Onsager-like hard-rod model in two ways. First, our CNTs do not interact via a hard-core potential; the CSA solvent charges the CNTs and stabilizes them against the van der Waals attractions [32] . Second, our system is polydisperse, in particular in length; no reliable estimate is available for the nematic order parameter in polydisperse rod-like systems at coexistence. The theoretical predictions give values very close to unity [33, 34] ; however, these estimates are based on approximate orientational distribution functions known to vastly overestimate the order parameter at coexistence.
We also probe an optical birefringence of a CNT nematic in tactoids, which is a macroscopic property closely related to the order parameter of the tubes. The optical birefringence of a well-aligned nematic is defined as n = n || − n ⊥ , where n || and n ⊥ are refractive indices measured for light polarized, respectively, parallel and perpendicular to the main optical axis of the nematic. The optical birefringence in the first approximation is proportional to the microscopic order parameter of the nematic phase as | n| ∝ S [35] and depends on concentration of nanotubes [22] . We measured n ≈ 0.0044-0.0062 for the nematic phase in tactoids formed in CNTs-CSA solution at slightly higher concentration of 3000 ppm by weight using a Berek compensator (Olympus) at λ = 546 nm. The obtained values are within the range of birefringence measured previously in water-based suspensions of CNTs at different concentrations and aligned by a shear flow [22] . The difference of optical birefringence measured for tactoids of different size was within an error of measurements by the Berek compensator we used, which allows us to conclude that it is independent of the size of tactoids in the measured range of sizes (tens of microns) and is determined by the CNT concentration and the order parameter.
IV. CONCLUSION
We have shown that nematic tactoids with a high degree of orientational order emerge in solutions of very long CNTs in CSA. We have, to our knowledge, revealed for the first time the crossover in the director field from homogenous toward bipolar corresponding to shape transition from highly elongated toward spheroidal. Direct comparison of our observations with macroscopic theory enabled us to estimate the anchoring strength of the director field to the isotropic-nematic interface, the ratio of the bend and splay elastic constants, as well as the so-called extrapolation length that measures the relative strength of the elastic and surface forces. Optical probing of the crossover is only possible if the extrapolation length is large, which requires the rod-like particles to be sufficiently long, as is the case for our CNTs.
In addition to an intrinsic fundamental interest, CNT tactoids hold great potential technological relevance. A high degree of CNT alignment, in conjunction with the spatial uniformity of such alignment, are crucial for realizing the exceptional properties of CNT in macroscopic materials. For example, wet spinning of CNT liquid crystalline has proved to be effective in forming highly aligned, continuous CNT fibers with high strength and conductivity [36] , while biphasic solutions of CNTs in acids have been shown to yield highly conductive, transparent films [37] . Nematic CNT tactoids offer an easily accessible liquid crystal monodomain for studying and understanding the morphology of the CNT solutions, which is key to future improvements of processing and properties of macroscopic CNT materials. between the coexisting isotropic and nematic phases, of the order nN/m [38] . Using Boltzmann probability distribution for the free energy of the tactoids, the 95% confidence interval on the aspect ratio is plotted in Fig. 3(a) using an estimated value of surface tension 0.5 nN/m. Theoretically, we expect the smaller tactoids to exhibit a larger spread due to the smaller interfacial areas and hence lower surface free energies. Even though the estimated value of surface tension might not be exact and further experiments are required to measure surface tension, decreasing the surface tension would only widen the envelope without any change in the trend. There is a measurement inaccuracy that contributes mostly to small tactoids (few microns long), where it becomes difficult to find the exact location of the tips and fit an ellipse that passes through them. Additionally, if tactoids are tilted within the capillary (along their minor axis), they appear symmetric from the top. Here, we tried to avoid this source of inaccuracy by only measuring tactoids with both tips in focus. The last source of inaccuracy is due to small retardation near the edges of the tactoid. When the tactoids are imaged in their brightest transmission (tactoid axis at 45 • inclined with respect to the polarizers), their cusps are darkened resulting in up to 10% underestimation in major axis length and hence the aspect ratio. Note that this underestimation might not be the same for all the tactoids because of the possible difference in the level of exposure among the images.
APPENDIX B: SCALING ANALYSIS ON EXTRAPOLATION LENGTH
Using the theoretical expressions for splay elastic constant k 11 [39] , surface tension τ [40] , and dimensionless surface anchoring ω [21] , we estimate the dependency of λ on the dimensions of the constitutive molecules of a monodisperse system. The molecules are assumed to be cylinders of diameter D and length L. The dimensionless splay elastic constant k 11 D/k B T is estimated to be 7/(8π )c a , where c a is the number density of the nematic phase scaled with respect to the isotropic excluded volume, and k B is a Boltzmann constant [39] . The nematic phase density c a at the coexistence is calculated numerically by Lekkerkerker et al. [41] and gives c a = 4.191. The dimensionless surface tension of the isotropic-nematic interface for a monodisperse hard-rod system is τ DL/k B T = 0.156 [40] . The dimensionless anchoring for rigid rods are expected to be 0.58 [21] . Hence, the ratio k 11 /τ ω is equal to ≈13L. Therefore, for the crossover to be observable in an optical microscope (micron scale resolution) the constitutive molecules should be few microns long. Note that this prefactor is highly sensitive to the properties of the coexisting phases including flexibility of the molecules, types of interactions, and polydispersity. For example, in a length polydisperse system, the longer rods accumulate in the nematic phase and contribute to the larger anisotropy of the surface tension.
